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(6) 2.3 The squeeze (Sandwich) Theorem
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The squeeze (Sandwich) Theorem

If  f(x) , g(x) and h(x) are continuous functions
Suchthat  f(x) < g(x) < h(x)

and lim f(x) = limh(x) = L
X—a X—a

Then limg(x) =L

X—a
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(6) 2.3 The squeeze (Sandwich) Theorem P2

[2 pts. ]: Let f be afunction satisfying

Examnlel 4 —9<f(x)+x<x*—4x+7,foral xin(—oo,c0)
59 9July 2011

Find  lim f(x)  (ifitexists).

Solution
L, = lirr41}4x—9=16—9=7
X—
L, = linix2—4x+7=16—16+7=7
X—

Ll - Lz
lin}}f(x)+x=7 by ST
X—

lim f(x) + limx =7
xX—4 xX—4
limf(x)+4=7
x—4

lim f(x) =3

x—4

Example 2
52 April 9, 2009 A

2 1
Find the following limit , if it exists lim (x — 1)§ cos( )
x-1 x—1

Solution

2 1
L = lim (x — 1)§cos< )
x—2 x—1

1
-1< cos( )Sl

x—1 ’
(x—1)3 =0
2 2 1 2
—x =B (x=1)3 cos( 1) < (x—1)3 - (1)
2 -
lim —(x - 1)3 = 0 - (2)
jlci_r)r} (x — 1)% =10 - (3)
from (1), (2), (3) by ST

1 )_0
a1)

2
~lim (x —1)3 cos(
o1l AT
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(6) 2.3 The squeeze (Sandwich) Theorem P3
02
Example 3 Evaluate the following limit g_r)% 1
49 July 5, 2008 2+ cos (5
Solution
92

L = lim 1

9202 + cos (E)

1
-1< Z)l<
1< cos (9)1_ 1

1 S2+cos(§> <3
! < ! <1
3 < Ty =

2 + cos (@)

2 edll
0? 92
— < — < 0? - (1)
3 2 + cos (%)

2
i3 - e
(lc)im 0% = -+ (3)

from (1), (2),(3) by ST

o l]m _— = 0

ilgds) + cos (%)

Example 4
34 March 23,2002

2
Find the following limit , if it exists  ]im <3 + 5|x| cos <—))
x—0 X

2
L = lim (3 + 5]x| cos (—))
2e=210) X

2
-1 < cos(—) ==
X

lx] =0

2
—5|x| < 5|x|cos (;) < 5|x|

2
3—-5|x| <3+ 5|x|cos<;) < 3+ 5|x|

lim (3—5|x|]) = lim (3+ 5x) =3
x—-0~ x—0

lim,| g+ (3| =5]x])-=| im, 4, (3 =.54) =3

lir% (3— 5|x]) =3
also lir% (3+ 5]x|) =3
from (1), (2),(3) by ST

2
~ lim [3 + 5|x| cos (—)] =8
x—0 X
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- (1

- (2)
- (3)
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(6) 2.3 The squeeze (Sandwich) Theorem P4

1
Example 5 Evaluate the following limit lim [3x + (x — 3)*sin
38 March 31, 2004 x—3 Vx —3
Solution
1
I = }Ci_r:r(l) [Bx + (x — 3)*sin =3
1
=1 < Sinm =1
x=3)* =0
—(x—3)* < (x—3)* sin ! < (x—3)*
! Vx =3
3x — (x —3)* < 3x+ (x — 3)* sing 3S3x+(x—3)4 - (1)
—
}Cirré 3x—(x—3)*=9 FNE2)
lin;) 3x+(x—3)*=9 — (3)

from (1), (2),(3) by ST

1
= i — 4 i =
- chllg [3x + (x — 3)*sin m] 9

2
Example6 |5 gmelimit ifitexists  lim | 14 2% + — -
45 March 28, 2007 w0 sec(5)

Solution

1
) = lir% (x/ 1+ x2 4+ x? cos (;))
X—

2

X
Sec (%)

L= lir%<\/1+x2+
X—

1
-1 < cos(—) =T
X
x% >0
1
—x2 < x?%cos (;) < x?

1
V1kx2—xt< 1+x2+xzcos<;)s 1ot x2 F = (1)

lim V1i+x2—x? =1 -+ (2)
x>
ling 1+x2+x% =1 - (3)
x—

from (1),(2),(3) by ST

< L=l
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(6) 2.3 The squeeze (Sandwich) Theorem

P5

1
Find thelimit , if it exists  lim [x5 + (x? —2x+1) sin( 1)]
x —_—

Example 7
48 March 25, 2008 A x—1
Solution
1
L= }Ci_r)ri [x5+(x2—2x+1)sin(x_1>]
QMY ( - ) <1

S SIn * =
(x—=1)?2 >0

—(x—1)2 <(x—1)? sin(

x5 —(x—1)? <x>+(x—-1)? sin(x

1
x°—(x—1)?% <x°+(x?-2x+1) sin(x

lim IR S D 3 =4 —+ (2)
}Ci_r:r} [((x—12+x°] =1 — (3)

from (1), (2),(3) by ST
i }Cl_rg [xz + (x2 —2x + 1)sin(xi 1)] =1l

11) < (x —1)?

1
1) <x®+ (x —1)?

1) < x®+ (x —1)? - (1)

1
. 3 . -
Exa_mpl e8 Find the following limit , if it exists . sinx + x= sin
36 April 19,2003 A &0 ¥
Solution
sinx + x% sin~ sin x 1
L_==a Ll X = lim + x?sin—
x=0 X x-0 X X
sin x
x-0 X
1
L, = lim x?sin—
x—0 X A
-1 < sin— <1
X
x2 =0
1
BRI sin; <x? =)
lim —x?>= 0 - (2)
x—0
lim x2=0 - (3)
X—
from (1), (2), (3) by ST
1
o Ly = lim x%sin— =0
x—0 X
L=Li+ L, =1+0=1
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(6) 2.3 The squeeze (Sandwich) Theorem

Homework

1
1 | Findthelimit, if it exists lim|x — 2| cos? (—2> 46 Date: duly 5, 2007
o xX—2 A=
1
2 | Evaluate thelimit(if it exists) ~ lim x* sin (3—) edidanuary! 12,2003
= x—0 \/;
3 | Evalvatetrelimit (if itexists  Tim (x — 3)2 cos( ! 3) 10 October 27, 1994
- x—3 X —
1 30 October 19, 2000 A
- b 0 211 - ’
Bl i lim (x —1)"sin (x 7 1) 8 October 28, 1993
2 1
5 | Find the limit., if it exists il Taha ) (_) 12 November 2, 1995
= x—0 X
T
6 | Evaluate the limit(if it exists) lin(l)lxl cos (;) 32 March 22, 2001
5 ad
. | alllX . 1 29 Feb 24, 2000
. 2 )
Z Find the limit , if it exists }cl—rg(x —1)2cos (x - 1) 41 March 30, 2005
8 | Evaluate the limit(if it exists) lim — sin(x — 1) 53 July 18, 2009 A
— X—>00 x
1
O | Evaluatethelimit (if it exists)  lim ( 1 + x? sin <3—>> 7 July 29, 1993
= x—0 \/E
10 | Find li all
1m
s x20+/x% + x2 + 8
)
11 | Find thelimit , if it exists lim x? sin (3—) 4 May 19, 1992
T x—0 \/E
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(6) 2.3 The squeeze (Sandwich) Theorem P7

Homework

Find the limit , if it exists lirrll [(x —1)? sin( ) + 2] 40 October 28, 2004 A
Sl

T
x—1

Find thelimit, if itexists  lim |x — 2| sin( ) 33 October 25,2001 A
xX—2 x—2
Let f and g be two function definedon (—oco, ) if
0<2 — < x? forall d .
= 20 () QU S B 17 0 5 April 8, 1993

limf(x) =6 Thenfind limg(x)
x—0 x—0

Let Fbeafunctionsuchthat a < f(x) <b forx € (—oo,00) if

g(x) = 7x*+3x2/x2+1 Find }}L%f(x)g(x)

Letx — 2 < f(x) < sinx — g(x)if g(x)iscontinuousat x = 0 and .

g(0) =2 Thenevaluate lim f(x)

If f(x) satisfiestheinequality (3 — |x —4]) < f(x) < (x — 1)
11 March 31, 1994

Find limx?f(x)
x-3

&

30 Jan. 12. 2008

Find lim + (X - 2)2 Sil’l(x_—z)2

62— 2 1
x—2 x3—8

4
B 331
tan(2x) +x¥sin(7) o January 13. 2007

]_=9 Find the following limit , if it exists lim
x—0 X
Compute the following limitsif they X sin x
20 | exist. If alimit does not exist clearly lim — 58 7April 2011
state why. x-0 x° + 1
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(6) 2.3 The squeeze (Sandwich) Theorem P8

Homework

Assume lim f(x)  existsand 56 July 10, 2010}
X—

f@ _ x-1

1<
21 T (x+1)27 3(x—-1)
Find lim f (x). (3 points)
x—
(2pts) Evaluate the following limit li i
Pts, vauate the roliowing Hmits, Ny
2:2 if they exist. x—0 2 LAt (1) g7 November 8, 2010
Evaluate the following limits, , 1A 1
23 if they exist: }clir(l) X3 Slﬂy 38 January 15, 2011
Assume Jim f(x) existsand

x2+x—2< f(x) x?2+2x—1

< find lim_f(x)
x+3 T (x—1)2" x+43 x>k

N
ol

Evaluate the following limits,

1
i 4
if they exist; }Cl_r}(l) (2x + 1) + x* cos (F)] 40 August 7, 2011

Letx — 5 < f(x) < sinx — g(x)if g(x)iscontinuous at x = 0 and

x>1+x4 + 2x2 + 8

26 .
= [g(0) =5 Thenevaluate  Lim f(x)
27 | Findthelimit , if it exists lim (x — 2)? sin( 2) 14 March 28, 1996 ‘
Il xX—2 Erd
_1)\2
28 | Find thelimit , if it exists lim -1 9 November 1993 ‘

[2 Pts] Evaluate the following limit , if it exist lim (x — 2)% cos ( - 2) 41 7 January 2012
X— X —
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(6) 2.3 The squeeze (Sandwich) Theorem

Assume  lim f(x) existsand

find lim f(x)
x—>—-1

24 x2+x—2< f(x) <x2+2x—1
x+3 T (x=-1)?" x+3
Solution
i x*+x—-2 1-1-2 -2 .
1 x+3  —1+3 2
il st g2 a6
Snl GERRDOIT = Ak~ BERS
x2+x—2 f(x) x2+2x—1
but < <
x+3 (x —1)2 x+3
from (1), (2),(3) by ST
i) =

T k=12
lim1 f(x) exists
xX——
£(x) lim f(x)
s~ lim = .x—>—1
x->-1 (x — 1)2 llml(x —1)2
x——
lim f(x)
o XmEl .
lim (x — 1)?
e il

Sllnse =1 lim (& A2 =Sl od

=1

- (1)
- (2)

- (3)

5 Letx —5 < f(x) <sinx — g(x) if g(x) iscontinuousat x = 0 and
26 g(0) =5 Thenevaluate lim f(x)
Solution
v g(x) cont.
}ciir(l) gx) =11g/(0).= S
)lci_r}?)sinx—g(x)zo—S = -5 - (1)
lim(x —5) = =5 -+ (2)
v x—5 < f(x) < sinx — g(x) -+ (3)

from (1),(2),(3) by ST
N Li_r)r&f(x) = =5
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(6) 2.3 The squeeze (Sandwich) Theorem

P10

2:7 Find thelimit, if itexists  |im (x — 2)2 sin
14 March 28, 1996 x—2
Solution
1

— T 92 o

L = }CIL’I% (x=2) Sm(x—Z) 1
-1 < Sin(x_z) <1
(x—2)2=>0
1
- (x—-2)?< (x—Z)zsin( —Z)S (x —2)? - (1)

}Cirr%—(x—Z)Z:O - (2)
)lcizg (x—2)2=0 -+ (3)
from (1), (2),(3) by ST
~ lim (x—2)231n< ; )=0 N

x—2 x='2 .

_1)\2
2:8 Find thelimit , if it exists lim (2 1)
9 November 1993 x>14/x4 + 2x2 + 8
Solution
(x — 1)2 1-1

L= lim = =0
=1\x*+2x2+8 1+2+38
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