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ଵܮ  ൌܮଶ  ൌܮଵ  ൌlim௫→ସ ݂
 lim௫→ସ ݂lim௫→ସ ݂lim௫→ସ ݂
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ൌ ܮ                      
lim௫→ଵ െlim௫→ଵ   from ∴ lim௫→ଵ
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ample 1
 9 July 201

ൌ  lim௫→ସ ݔ4 െൌ  lim௫→ସ ଶݔ െൌ ሻݔଶ ݂ሺܮ ൅ ݔ ൌ݂ሺݔሻ ൅ lim௫→ସ ሻݔሺ݂ݔ ൅ 4 ൌ݂ሺݔሻ ൌ 3 

Example
April 9, 2

lim௫→ଶ  ሺݔ െ 1                                        
െሺݔ െ 1ሻଶଷ ൌሺݔ െ 1ሻଶଷ ൌሺ1ሻ, ሺ2ሻ, ሺ3mଵ  ሺݔ െ 1ሻଶଷ c

(6)   2.3  

SSAM   G

1 
1 

[2 pts.

Find 

9 ൌ 16 െ ݔ94 ൅ 7 ൌ 17               byݔ ൌ 7 7 

e 2 
009 A F

1ሻଶଷ cos ൬ ݔ1 െ                                          െ ሺݔ െൌ 0               ൌ 0                 3ሻ               bcos ൬ ݔ1 െ 1൰

 The squeez

GHANEM

. ]: Let ݂ be4ݔlim௫→ସ ݂ሺݔ
9 ൌ 7 16 െ 16 ൅ 7y ST 

ind the follo

1െ 1൰  െ1 ൑  cos                    െ 1ሻଶଷ  ൑   ሺݔ                                         
by ST ൰ ൌ 0 

 

ze (Sandwic

              M

e a function ݔ െ 9 ൑ ݂ሺݔሻ ( if it

S

7 ൌ 7 

owing limit

s ൬ ݔ1 െ 1൰  ൑ሺݔ െ 1ሻଶଷ  ൒ݔ െ 1ሻଶଷ cos                                      

ch) Theorem

6516       

satisfyingሺݔሻ ൅ ݔ ൑ ݔ
t exists ). 

Solution

t , if it exists

Solution

൑ 1 ൒ 0 ൬ ݔ1 െ 1൰ ൑                                       

m               
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ଶݔ  െ ݔ4 ൅ 7
n 

s lim௫→ଵ ሺ

 ሺݔ െ 1ሻଶଷ                                         

                  

              

7 , for all ݔ 

ሺݔ െ 1ሻଶଷ c

                      ⇾ ሺ2ሻ  ⇾ ሺ3ሻ 

           P2 

 غانم        

in ሺെ∞ , ∞

os ൬ ݔ1 െ 1

  ⇾ ሺ1ሻ 

حسام
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1൰ 
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ܮ ൌ  
െ1 ൑1 ൑13  ൑  
ଶ3ߠ           ൑
limఏ→଴ ߠ limఏ→଴ ߠfrom ∴ limఏ→଴
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ܮ ൌ l௫    െ1|ݔ|  ൒െ5|3ݔ െ 5lim௫→଴ష  lim௫→∴  lim௫→also  from ∴ lim௫→଴
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Example
   July 5, 2

limఏ→଴ ଶ2ߠ ൅ cos൑  cos ൬1ߠ൰ ൑2 ൅ cos ൬1ߠ൰12 ൅ cos ቀ1ߠ
ଶߠ  ൒ 0     ൑  െ ߠଶ2 ൅ coߠଶ3 ൌ ଶߠ         0 ൌ 0        ሺ1ሻ, ሺ2ሻ, ሺ3m଴ ଶ2ߠ   ൅ cos ቀ

Exampl
  March 2

lim௫→଴ ൬3 ൅ ൑ ݔ|5  cos ൬2ݔ൰൒ |ݔ  0  ൑ |ݔ|5  c5|ݔ|  ൑ 3 ൅ሺ3 െ ሻ→଴శ|ݔ|5  ሺ3 െ 5|m଴  ሺ3 െ lim௫→଴ ݔ|5   ሺ3 ൅  ሺ1ሻ, ሺ2ሻ, ሺ3m଴ ൤3 ൅ |ݔ|5 c

(6)   2.3  

SSAM   G

e 3 
2008 E

s ቀ1ߠቁ 

൑ 1 ൰  ൑ 3 

ቁߠ1  ൑ 1 

          ଶos ቀ1ߠቁ  ൑ ଶߠ
                                         3ሻ     by ST 

ቀ1ߠቁ ൌ 0 

le 4 
23,2002 

|ݔ cos ൬2ݔ൰൰൰  ൑ 1 

os ൬2ݔ൰  ൑ |ݔ|5 5 cos ൬2ݔൌ  lim௫→଴  ሺ3|ݔ|ሻ ൌ  lim௫ݔ|ሻ ൌ ሻ|ݔ|5         3 ൌ 3  3ሻ   by ST cos ൬2ݔ൰൨ ൌ
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Evaluate the 
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Find the f

൰ 

൰ݔ2 |ݔ|5  ൑ 3 ൅ 5൅ ሻݔ5   ൌ 3௫→଴  ሺ3 െ  5                                        
3  
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following l

    ⇾ ሺ1ሻ 

   ⇾ ሺ2ሻ    ⇾ ሺ3ሻ 

following lim

|ݔ|5 ሻݔ5 3              ൌ 3                                        

ch) Theorem
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limit 
Solution

mit , if it ex

Solution

     ⇾ ሺ1ሻ 

    ⇾ ሺ2ሻ    ⇾ ሺ3ሻ 

m               
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limఏ→଴ 2 ൅

xists lim௫→଴

                  

              

ଶcosߠ ቀ1ߠቁ 

൬3 ൅ |ݔ|5

           P3 

 غانم        

cos ൬2ݔ൰൰

حسام
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ܮ ൌ l௫

lim௫→ଷ  3lim௫→ଷ  3from 
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ܮ ൌ  ௫

lim௫→଴    lim௫→଴    from 
 ∴ ܮ ൌ
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Example
March 31

lim௫→଴ ൤3ݔ ൅ ሺݔ

ݔ3 െ ሺݔ െ ݔ33 ൅ ሺݔ െ 3ሺ1ሻ, ሺ2ሻ, ሺ3
Exampl
  March 2

lim௫→଴ ቌඥ1 ൅

ඥ1 ൅ ଶݔ െඥ1 ൅ ଶݔ ൅ሺ1ሻ, ሺ2ሻ, ሺ3ൌ 1 

(6)   2.3  

SSAM   G

e 5 
, 2004 E

ݔ െ 3ሻସ sin

ݔ3 െ ሺݔ െ3ሻସ ൌ 9       3ሻସ ൌ 9       3ሻ  by  ST 

le 6 
28, 2007 

ଶݔ ൅ ଶsecݔ ቀ

           ඥ1െ ଶݔ  ൌ 1     ൅ ଶݔ  ൌ 1     3ሻ    by ST 
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Evaluate the 

n ݔ√1 െ 3య ൨  
െሺݔ െ3ሻସ  ൑                                           ݔ3 

∴ l௫
Find the li

ቁቍݔ1 ൌ  lim௫→଴

൅ ଶݔ െ                                         ଶݔ
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following l

െ1 ൑ሺ3ሻସ  ൑  ሺݔ െ൅ ሺݔ െ 3ሻସ                                      
lim௫→ଷ ൤3ݔ ൅ ሺ
imit , if it ex

m଴ ൬ඥ1 ൅ ଶݔ
െ1 

െݔଶ  ൑ ൑ ඥ1 ൅                                         ݔ

ch) Theorem
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limit 
Solution

  sin ݔ√1 െయݔ െ 3ሻସ  ൒െ 3ሻସ  sin √యସ  sin ݔ√1 െయ   ⇾ ሺ2ሻ    ⇾ ሺ3ሻ 

ሺݔ െ 3ሻସ sin
xists lim௫→

Solution൅ ଶݔ  cos ൬
൑  cos ൬1ݔ൰ݔଶ  ൐ 0 ൑ ଶݔ  cos ൬1ݔݔଶ ൅ ଶݔ  cos                 ⇾                 ⇾

m               
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lim௫→ଷ ൤3ݔ
3  ൑ ݔ√1 0 1 െ 3  ൑ ሺ
3  ൑ ݔ3 ൅

n ݔ√1 െ 3య ൨ ൌ
m଴ ቌඥ1 ൅ ଶݔ

൬1ݔ൰൰ 

 ൑ ൰ݔ1 1  ൑ ଶ sݔ ൬1ݔ൰  ൑ ඥ1⇾ ሺ2ሻ ⇾ ሺ3ሻ  

                  

              

൅ ሺݔ െ 3

ሺݔ െ 3ሻସ ሺݔ െ 3ሻସ     
ൌ 9 

ଶ ൅ ଶsecݔ ቀ1ݔቁ

1 ൅ ଶݔ ൅ ଶݔ

           P4 

 غانم        

ሻସ sin యݔ√1

         ⇾ ሺ1ሻ

ቁቍ 

ଶ     ⇾ ሺ1ሻ  

حسام

1െ 3൨ 

ሻ 
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ܮ ൌ  ௫

      lim௫→ଵ ሾݔlim௫→ଵ ሾሺfrom ∴ ܮ ൌ
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ܮ ൌ  ௫ܮଵ  ൌܮଶ  ൌ

lim௫→଴    lim௫→଴    from ∴ ܮଶܮ  ൌ ܮ
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Exampl
March 25

lim௫→ଵ ൤ݔହ ൅ ሺ

ହݔ                     െ ሺݔ െ 1ሺݔ െ 1ሻଶ ൅ሺ1ሻ, ሺ2ሻ, ሺ3ൌ lim௫→ଵ ൤ݔଶ ൅
Examp
  April 19

lim௫→଴ sin ݔ ൅
ൌ  lim௫→଴ sin ݔݔ  ൌ  lim௫→଴ ଶݔ    s

 െݔଶ ൌ ଶݔ  0   ൌ   0    ሺ1ሻ, ሺ2ሻ, ሺ3ൌ  lim௫→଴ ଵܮଶݔ    ൅   ܮଶ  ൌ

(6)   2.3  

SSAM   G

le 7 
, 2008 A 

ሺݔଶ െ ݔ2 ൅

ହݔ          ହݔ         െ1ሻଶሿ  ൌ ହሿݔ    1  ൌ 1    3ሻ   by ST ൅ ሺݔଶ െ ݔ2 ൅
ple 8 
9,2003 A 

ଷݔ sin ݔݔ1  ൌൌ 1 in    ݔ1

        ⇾ ሺ2ሻ        ⇾ ሺ3ሻ3ሻ by ST ଶ sin ݔ1   ൌ 0ൌ 1 ൅ 0 ൌ 1

 The squeez

GHANEM

Find the li

1ሻ sin ൬ ݔ1 െ
െሺݔ െହ െ ሺݔ െ 1ሻሺݔ െ 1ሻଶ  ൑                                          

൅ 1ሻ sin ൬ݔ
Find the

ൌ   lim௫→଴ sin ݔݔ

          ሻ ሻ 

0 1 
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              M

imit , if it ex

1െ 1൰൨ െ1 ൑ሺ1ሻଶ  ൑ ሺݔ െሻଶ  ൑ ହݔ ൅൑ ହݔ ൅ ሺݔଶ                                      1െ 1൰൨  ൌ 1
 following l

ݔ ൅ ଶݔ  sin ݔ1
െ1

          െݔଶ  

ch) Theorem

6516       

xists lim௫→
Solution

 sin ൬ ݔ1 െ ݔ1 െ 1ሻଶ  ൒െ 1ሻଶ  sin ൬ݔሺݔ െ 1ሻଶ  siെ ݔ2 ൅ 1ሻ  ⇾ ሺ2ሻ   ⇾ ሺ3ሻ 

1 

limit , if it e

Solution1ݔ  
 ൑  sin ݔ1 ଶݔ     ൒ 0൑ ଶݔ  sin ݔ1

m               

    68855

m→ଵ ൤ݔହ ൅ ሺݔ
1൰  ൑ ݔ1 0 1 െ 1൰  ൑ ሺin ൬ ݔ1 െ 1൰sin ൬ ݔ1 െ 1൰

exists lim௫→

൑ 1 

  ൑ ଶݔ       ⇾

                  

              

ଶݔ െ ݔ2 ൅

ሺݔ െ 1ሻଶ ൑ ହݔ ൅ ሺݔ൰  ൑ ହݔ ൅ ሺ

m→଴ sin ݔ ൅

⇾ ሺ1ሻ 

           P5 

 غانم        

൅ 1ሻ sin ൬ݔ

െ 1ሻଶ  ሺݔ െ 1ሻଶ      

൅ ଷݔ sin ݔݔ1  

حسام

ݔ1 െ 1൰൨ 

               ⇾ ሺ1ሻ 
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Homework 

 

1 Find the limit , if it exists
 

lim௫→ଶ|ݔ − 2| cosଶ ൬ ݔ1 − 2൰ 46   Date: July 5, 2007 

2 Evaluate the limit(if it exists)
 

lim௫→଴ ସݔ sin ൬ యݔ√1 ൰ 25   January 12 .2003 
 

3 Evaluate the limit (if it exists)
 

lim௫→ଷ ݔ) − 3)ଶ cos ൬ ݔ1 − 3൰ 10  October 27,   1994 

4 Find
 

lim௫→ଵ ݔ) − 1)ଶ sin ൬ ݔ1 − 1൰ 30  October 19, 2000 A 
8  October 28,   1993

5 Find the limit , if it exists
 

lim௫→଴ ଶଷݔ sin ൬1ݔ൰ 12  November  2, 1995 

6 Evaluate the limit(if it exists)
 

lim௫→଴|ݔ| cos ቀݔߨቁ
 

32  March 22, 2001
 

7 Find the limit , if it exists
 

lim௫→ଵ(ݔ − 1)ଶ cos ൬ ݔ1 − 1൰ 
29  Feb 24,  2000 

41   March 30, 2005 

8 Evaluate the limit(if it exists)
 

lim௫→ஶ ଶݔ1 sin(ݔ − 1) 53   July 18, 2009 A 

9 Evaluate the limit (if it exists)
 

lim௫→଴ ൬ 1 + ଶݔ sin ൬ యݔ√1 ൰൰ 7  July 29,  1993 

10 Find
 

lim௫→଴ ସݔ√ଶݔ + ଶݔ + 8  

11 Find the limit , if it exists
 

lim௫→଴ ଶݔ sin ൬ యݔ√1 ൰ 4  May 19, 1992 
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Homework 
 
 
 

12 Find the limit , if it exists lim௫ିଵ ቂ(ݔ − 1)ଶ sin ቀ ݔߨ − 1ቁ + 2ቃ 40   October  28, 2004 A 

13 Find the limit , if it exists lim௫→ଶ ݔ|  − 2| sin ቀ ݔߨ − 2ቁ 33   October  25,2001 A 

14 

Let f and g be two function defined on   (−∞ , ∞ ) if 0 ≤ (ݔ)2݃ − (ݔ)݂ ≤  ଶ  for all x andݔ
5  April 8,  1993 

 lim௫→଴ (ݔ)݂ = 6 Then find lim௫→଴  (ݔ)݃

15 
Let F be a function such that  ܽ < (ݔ)݂ < ܾ   for ݔ ∈ (−∞ , ∞ ) if         

(ݔ)݃  = ସݔ7 + ଶݔଶඥݔ3 + 1 Find lim௫→଴  (ݔ)݃(ݔ)݂
16 

Let ݔ − 2 ≤ (ݔ)݂ ≤ sin ݔ − ݔ is continuous at(ݔ)݃ if(ݔ)݃ = 0 and .  
 ݃(0) = 2 Then evaluate lim௫→଴  (ݔ)݂

17 
If ݂(ݔ) satisfies the inequality (3 − ݔ| − 4|) ≤ (ݔ)݂ ≤ ݔ) − 1)  

11  March 31, 1994 
 

     Find lim௫→ଷ   (ݔ)ଶ݂ݔ

18 Find lim௫→ଶ ቈ6ݔଶ − ݔ11 − ଷݔ2 − 8 + ݔ) − 2)ଶ sin ݔ)1 − 2)ଶ቉ 30   Jan. 12. 2008 

19 Find the following limit , if it exists lim௫→଴ tan(2ݔ) + ଷݔ sin ቀ4ݔቁݔ  28   January 13. 2007 

20 
Compute  the following limits if they 
exist. If a limit does not exist clearly 
state why. 

lim௫→ஶ ݔ sin ଶݔݔ + 1 58   7April 2011 
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Homework 
 

21 

Assume lim௫→ଵ ݂(ݔ) exists and 56   July 10, 2010

 1 ≤ ݔ)(ݔ)݂ + 1)ଶ ≤ ଷݔ − ݔ)13 − 1) 

Find lim௫→ଵ ݂(ݔ). (3 points)

22 (2pts)   Evaluate the following limits, 
if they exist. 

lim௫→଴ 2ݔ + sin ቀ1ݔቁ 57   November 8, 2010 

23 Evaluate the following limits,  
if they exist: lim௫→଴ ଶଷݔ sin ݔ1  38   January 15, 2011 

24 

Assume lim௫→ିଵ ଶݔ exists and (ݔ)݂ + ݔ − ݔ2 + 3 ≤ ݔ)(ݔ)݂ − 1)ଶ ≤ ଶݔ + ݔ2 − ݔ1 + 3  find lim௫→ିଵ  (ݔ)݂

25 Evaluate the following limits,  
if they exist: lim௫→଴ ൤(2ݔ + 1) + ସݔ cos ൬  ସ൰൨ 40 August 7, 2011ݔ1

26 
Let ݔ − 5 ≤ (ݔ)݂ ≤ sin ݔ − if(ݔ)݃ ݔ is continuous at(ݔ)݃ = 0 and  ݃(0) = 5  Then evaluate lim௫→଴   (ݔ)݂

27 Find the limit , if it exists lim௫→ଶ ݔ)  − 2)ଶ sin ൬ ݔ1 − 2൰ 14  March 28, 1996 

28 Find the limit , if it exists lim௫→ଵ ݔ) − 1)ଶ√ݔସ + ଶݔ2 + 8 9  November  1993 

29 [2 Pts.] Evaluate the following limit , if it exist lim௫→ଶ ݔ) − 2)ଶ cos ൬ ݔ2 − 2൰ 41   7 January 2012 
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∵   ݃(∴  lim௫→lim௫→଴ silim௫→଴(ݔ∵ ∴ fromݔ      li௫→
 
 
 
 

HOS 

24 

ଶݔ + ݔ − ݔ2 + ଶݔ3 + ݔ2 ݔ− + ଶݔ3 + ݔ − ݔ2 + 3(1), (2), (3mିଵ ݂(ݔ)(ݔ − 1)mିଵ (ݔ)݂   exmିଵ ݂(ݔ)(ݔ − 1)lim௫→ିଵ ݔ)mିଵ(ݔ)݂ − 1)ଶmିଵ (ݔ)݂ =  
26 

cont.  m଴ (ݔ) (ݔ)݃ =  ݃in ݔ − ݔ(ݔ)݃ − 5) =  −− 5 ≤ ,(1)ݔ)݂  (2), (3m→଴ (ݔ)݂ =  

(6)   2.3  

SSAM   G

Assumݔଶ ݔ+
2 =  1 − 1 −−1 +1 =  1 − 2−1 +2 ≤ ݔ)(ݔ)݂ − 1)3)    by ST 

ଶ  =  −1 xists 

ଶ  =  lim௫→ିlim௫→ିଵ(= −1 − lim௫→ିଵ(ݔ −
Let (0)݃ݔ

݃(0) = 5 ) = 0 − (ݔ                 5−= 5  ≤  sin  by S.T −5   (3ݔ

 The squeez

GHANEM

me lim௫→ିݔ − 2+ 3 ≤
− 2+ 3 =  −222 − 1+ 3 =  −22)ଶ ≤ ଶݔ + ݔ2 +

mଵ ݔ)(ݔ)݂ − 1)ଶ 

− 1)ଶ = ݔ)−  − 5 ≤ ݂= 5  The

=  −5                              − (ݔ)݃       
 

ze (Sandwic

              M

mିଵ ݔ)(ݔ)e݂ (ݔ)݂ − 1)ଶ
=  −1        2 = ݔ2      1−  − 1+ 3         

(−1 − 1)ଶ (ݔ)  ≤ sin
en evaluate

          ⇾ (1           ⇾ (2           ⇾ (3

ch) Theorem

6516       

exists and

≤ ଶݔ + ݔ2 +
Solution                                                          

=  −4 n ݔ − (ݔ)݃
e lim௫→଴ ݂(

Solution

1) 2) 3) 

m               

    68855

d ݔ − 1+ 3 fin

                                                         

)  if ݃(ݔ)(ݔ) 

                  

              

nd lim௫→ିଵ
  ⇾ (1)    ⇾ (2)     ⇾ (3) 

 is continu

           P9 

 غانم        

 (ݔ)݂

uous at ݔ

حسام

= 0 and 
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= ܮ                                lim௫→ଶ −lim௫→ଶ  (from ∴  lim௫→
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ܮ =  ௫
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27 
 March 28

lim௫→ଶ ݔ)  − ݔ)  −                                          2 − ݔ) −(2 − 2)ଶ ݔ)= − 2)ଶ =(1), (2), (3mଶ ݔ)  − 2)ଶ
28 

November 

lim௫→ଵ ݔ) ସݔ√− +

(6)   2.3   

SSAM   G

8, 1996 

2)ଶ sin ൬ ݔ1 −       −1 ≤ ଶ(ݔ)                    ≤ ݔ)   −= 0               0                  3)   by ST sin ൬ ݔ1 − 2൰
 1993 F

− 1)ଶ2ݔଶ + 8 =

The squeez

GHANEM

Find the li

1− 2൰ sin ൬ ݔ1 − 2൰ݔ − 2)ଶ ൒ 02)ଶ sin ൬ݔ                                        
൰ = 0           
ind the limi

 1 − 1√1 + 2 +

ze (Sandwic

              M

imit , if it ex

൰  ≤ 1  0 1− 2൰ ≤ ⇾            ݔ)  (           ⇾ (3
            ܵ. ܶ

it , if it exist

8  = 0 

ch) Theorem

6516       

xists lim௫→
Solution

ݔ − 2)ଶ        2) 3) 

ts lim௫→ଵ ݔ√
Solution

m                
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m→ଶ ݔ) − 2)

         ⇾ (1)

ݔ) − 1)ଶݔସ + ଶݔ2

                  

              

)ଶ sin ൬ ݔ1 −

) 

ଶ+ 8 

          P10 

 غانم        

1− 2൰ 

حسام


